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EFFECT OF SOFT FORCES AND COMPUTATION
OF THERMAL PROPERTIES OF LIQUID METALS

A. BARI, T. NAMMALVAR* and R. N. JOARDER
Department of Physics, Jadavpur University, Calcutta 700 032, India.

( Received |1 June 1989)

Effect of the soft force component to the entropy of the system is discussed in the light of thermodynamic
perturbation theory and an explicit expression is obtained as a function of the ingredients of the hardcore
reference system. Same basic ingredients can thus produce the structural and thermal properties reasonably
not only near the melting point but also at thermodynamic states considerably away from the melting point.

KEY WORDS: Gibbs-Bogoliubov inequality, entropy.

1 INTRODUCTION

Studies of the thermal properties of liquid metals and their temperature variation are
important from various metallurgical point of view. Both the experimental results'
and theoretical calculations®™* for most of the metallic systems are available, but the
calculations were mostly based on the hard sphere description of the reference system.
The effect of soft forces on the calculation of entropy of liquid metals and thermody-
namics in general was demonstrated clearly by Young?, Kumaravadivel and Evans®
but these still lack sufficient quantitative analytic discussion. On the variational
thermodynamic calculations through the Gibbs-Bogoliubov (GB) inequality? the soft
force contribution is surely taken into account but the resulting hardcore ingredients
depend on the nature of the pseudopotential and dielectric screening function and fails
to produce a good reference structure factor. We consider in the present study the soft
force contribution to the entropy in the vander Waals’ picture with a hard sphere as
reference system. The inclusion of the soft force contribution not only yields a good
quantitative estimate of the properties at the melting point but also generates a good
variation of the properties over a wide range of temperature.

Our consideration is two fold. Firstly, in the thermodynamic perturbation method
we write the entropy expression of the system including the appropriate term arising
from the soft forces. The effective entropy is thus assumed to be the sum of the hard
sphere (hs), soft force (sf) and electronic (el) contributions. The hard sphere
contribution comprising the bulk of the thermal properties is calculated by the
Carnahan and Starling formula® (CS) characterised by a packing density, . The soft

* Permanent address: Department of Physics, Rajah’s College, Bobbili 532558, India.
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force contribution is obtained from the free energy of the system in an analytic form
(Appendix). Again the variation of density at higher temperature brings about notable
changes in the free electron Fermi diameter and thus the inclusion of the electronic
part in the temperature dependence of thermal properties is essential®. Our second
consideration is that we must determine properly’ the basic ingredients of the
reference system, namely, the effective hard core diameter and take appropriately its
temperature dependence (Section 2B). Careful comparison of the computed proper-
ties with hard sphere results shows that there is considerable improvement over the
hard sphere values by the inclusion of soft forces. We have also done the calculations
for three typical nonmetallic liquids to show the validity of the present approach in
those cases as well.

2 THEORETICAL BACKGROUND

We briefly describe the formulations employed in the calculations.

A Expressions of Thermal Properties

Entropy The entropy of the liquid metal system at temperature T, with number
density n and ionic mass m is given by

S=8"+5+8 (1

where, S* is the entropy relevant to the hard sphere description of the system and this
is obtained from the Helmholtz free energy due to Carnahan and Starling®

Shs Sl‘d 4 -3 Sid k. T 3/2
_ ST @ —5+In {1/;1("’ 5 ) } (1a)

Nky Nkg (1 —n)? Nkg 2nh?

where, n = nne?/6, ¢ being the effective hard core diameter. Within vander Waals
picture the contribution arising from the soft force is given by (please see Appendix)

ssf . nf(oy — 0,)

NITB = CnT”zang(a) with C=— ﬁ/z—' (lb)
where, g, is the location of the minimum in the pair potential, o,, refers to the melting
point, T,,, g,(o) is the hard sphere radial distribution function at the core and is given
by CS formula

1 —n/2
(1 -y
[ is a parameter related to the soft force part of the potential. Finally, the electronic
contribution S¢ arising from the near degeneracy of the electron gas® is obtained

assuming that the relevant Fermi distribution function is safely replaced by a step
function. This approximation allows us to consider the zeroth order Sommerfeld

golo) = (1c)



08: 32 28 January 2011

Downl oaded At:

THERMAL PROPERTIES OF LIQUID METALS 11

parameter and to neglect the corrections that could arise from the exchange and
correlation. Thus, for temperatures much below the Fermi temperature, T,, we have

s n’k
=zT/2 J) (1d)
Nkpg ( k2
The excess entropy, S°* is given by
§ex=§—S“ ®)

Specific heats In the spirit of the preceeding paragraphs we can express the specific
heat capacity at constant volume as

C,=Chs+C/S +C (3)

where, C" is given by

ckE oy 2q2-m(dlnn
=2 3 (33)
Nkpg (1=’ \0InT/,
The contribution arising from the soft part of the pair potential is
s/ e 449y —4n? (01
G ST At n (3b)
Nkg 2Nkg 30 —npR-—m\élnT/,
The corresponding expression for the electron contribution is
Cel Sel
v 3
Nky _ Nk (3¢)
In the same way the specific heat capacity at constant pressure can be written as
C,=CE+CJ/ +C 4)
where the various contributions are respectively given by
cho 3 2n(2—n)/0lnn
L A 4
Nkg 27 T a g \omT), (42)
cs/ St 2n(S -2 ai
P | =24 MC—2M (dlnn (4b)
Nk 2Nkg (I1=—m2-—m\0InT/,
and
C:l Sel
= 1+ 2,T 4
NkB NkB( + Sap ) ( C)

where, a, is the expansivity of the metallic system.

Thermal pressure coefficient Using the thermodynamic relation (JP/0T), =
(0S/0V)r we have

. 1 Q — hs+ sf+ el 5
yv_ NkB 8T Y _yu /17 yv ( )
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where,
2n(2 — ol
(A—n’\énV/;
sf . 2 0
zfz_sr 1_4+911 4n Inn (5b)
3Nkg A-m2-m\énV/;
and
2
o _ZT kgT 5
yv - 3 k} ( C)

Heat of vaporization at B.P. We consider the entropy cycle consisting of four
isothermal steps carried out at the boiling point, Ty. The liquid is vaporized to gas at
one atmosphere pressure and the entropy change in this step is AH?/T 5 = AS,. The
real gas is then discharged at constant volume to the model soft force gas. The real
intermolecular potential is modified to one we have in our model case and the entropy
change in this step is very small (—AS,(g)). The soft force gas is then compressed
from volume V, at one atmosphere pressure to the volume V| at one atmosphere
which the real liquid occupies and the entropy change in this step is

Va dQ
— =AS
L, T,
given by
AS3; S, —§, n(4—3n) n (0, 0,)No?
Nky~ Nk, T WSty
2—n) (Ts\"?
( 7)1)3 18 (6)
(1 - r’l) Tm

where, 5, refers to the liquid at B.P. and n, that for gas is put equal to zero. The
compressed model fluid is then changed at constant volume to the real fluid and the
entropy change in this step is very small (AS,(1)). With reasonable assumption® of
AS,(g) = AS,(1) we have

mé—3n) = (90— amNo*> 2 —mn) <TB)1/2
AH° = NkgTg{In(V/V)+ —F5 — = — 7
’ "[ G T2 amw\n) |
The entropy of vaporization is given by
AS® = AHY/ Ty (8)

Isothermal compressibility Once the values of C, and C, are obtained the isothermal
compressibility y; is given by

TVa?
_ 9
=c, - ¢ ©)

P v
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B Choice of Hard Sphere Ingredients

There are various schemes for choosing the hardsphere ingredients. We use two
distinct but accurate methods for doing this. One method that avoids the effective pair
potential and uses the structure factor peak is quite successful®’. As there is slight
scatter in the values of 5 at m.p. from system to system’ we have chosen # to be 0.46 at
m.p. for all metallic systems. The temperature variation of n is given by

dlnn\ 3 (1 +aT)(1 + 2n7)(1 —n)
<a In T),, B 4n2 +m)

where ‘a’ is a constant as given by Joarder and Rao®. This method is fairly in
agreement with variational method. Again, in accordance with the work of Proto-
papas et al.'® (please see Appendix) we obtain (8 Inn/81In T),. Since 5 = n (V, T) we
have thermodynamically

dlnng Jdlnn t T dlnny (1
= o
dlnT/, \éInT), P \0lnV/,
and so (0 In#n/d In V); is obtainable.
Another method for hardcore ingredients intuitively appealing and easy to apply is
due to Ashcroft and Langreth'! (AL) and these ingredients also reasonably agree with
those from variational calculation at or near the m.p.! 23, Thus, if the effective pair

potential ¢(r, n) is known then the effective hard core diameter o for the liquid state
tonic collisions can be estimated from

4)(0-7 n) = %kBT+ ¢min (r’ n) (]2)

where, ¢,.;. (r, n) is the first minimum in ¢(r, n) at r = 6,. The method however
disagrees with the variational method at higher temperatures!®. The effective pair
potentials are constructed'* by using Asheroft empty core pseudopotential’® with
dielectric screening given by Vashishta and Singwi'®.

In nonmetallic liquid cases the LJ potential has been used for the hardcore
ingredients.

(10)

3 RESULTS AND DISCUSSION

The results of our calculations are shown in Table 1 and 2 for various liquids. The
temperature variations of some of the properties are depicted in Figures 1-3 while in
Figure 4 we show the variation of basic ingredient and the soft force component of
entropy. The required densities at various temperatures are obtained from standard
literature'”. There is good agreement with the observed quantities. The variation of
the hard core volume with volume finds its expression in the pressure coefficient while
that with temperature in the heat capacity. Correct evaluation of these thermal
properties surely means that the temperature variation of # accounts well the softness
of the pseudoatom. The softness parameters agree fairly well with those of other
workers!® 7, It is to be mentioned that the effects of the soft forces and electronic term
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Table 1 Basic ingredients and thermal properties of liquid metals.

Na K Rb Cs
A B A B A B A B
Basic ingredients
T(K) 371 337 313 303
n 0.46 0.459 0.46 0.466 0.46 0.46 0.46 0.452
d1n
- (ﬁ) Present 0.259 0.259 0.252 0.247 0.264 0.264 0.263 0.260
P
Ref. 7 0.21 0.194 0.16 0.162
oln
— ( 7In g,) Present 0.203 0.204 0.20 0.204 0.20 0.204 0.20 0.206
[ 4
Ref. 18 0.21,0.275 0.19,0.262 0.18,0.28 0.17,0.406
é1n
- <a—ln——g> Present 0.53 0.537 0.50 0.44 0.57 0.558 0.535 0.48
r
Ref. 18 0.407 0.462 0.512 0.539
Thermal properties
—S*/Nkg Present 344 340 3417 3.35 3413 3.38 3.404 343
Expt. 3453 346 3.63 3.56
C,/Nkgy Present 3.323 3.311 3.345 3.425 3.349 3.344 3.358 3.292
Expt. 342 348 3.29 3.2
C,/Nky Present 3.868 3.859 3.842 3.891 3.941 3.949 3.945 3.813
Expt. 3.83 3.86 3.78 3.84
HW=C,/Cy) Present 1.164 1.166 1.148 1.136 1.177 1.181 1.175 1.158
Expt. 1.12 1.11 1.15 1.20
1 /0P
= Present  4.607 4.622 4412 4.13 4922 5.208 4.659 4.126
nkg \ 0T J,
Expt. 3.89 443 4.87 499
xr X% 1012 Present  14.48 159 313 35.6 438 42.6 69.22 69.20
(cm2dyne) Expt. 18.6 38.2 49.3 68.8
AS° at B.P. Present  19.51 19.65 20.04 20.08 19.38 19.38 18.68 18.62
(Cal/deg Mole)  Expt. 17.84 17.95 19.02 16.95

are very important. The magnitude of the soft force contribution to entropy at m.p.
compares favourably with those of the WCA calculation of Ref. 5. It decreases
gradually with temperature (Figure 4) and this has the correct trend?. This contribu-
tion is entirely given in terms of the hard sphere ingredients and this is remarkable. In
consistency with PY results at m.p. we have fixed the value of the soft force parameter
‘f* to be 0.35 for all systems at all temperatures though in practice it decreases very
slowly with temperature. The calculations of the temperature dependent properties
show that this choice is quite reasonable. It is to be mentioned that a small decrease of
‘" at higher temperatures will improve the results e.g. C,/Nky in particular. The
approximation is however very good at or near the m.p. The evaluation of the
electronic term in Sommerfeld model is approximate particularly at very high
temperature. The discrepancies in the computed properties at high temperature need a



08: 32 28 January 2011

Downl oaded At:

THERMAL PROPERTIES OF LIQUID METALS 15
Zn Hg Pb Al Cu
A B A B A B A B A B
723 293 613 943 1423
0.46 0.441 0.46 0424 0.46 0.444 0.46 0453 0.46 0.456
0.312 0.305 0.254 0.277 0.282 0.292 0.228 0.312 0.346 0.348
0.182 0.12 0.318 0.324 0.283
0.20 0.206 0.20 0.205 0.20 0.205 0.20 0.205 0.20 0.204
0.12 0.064 0.076,0.178 0.129,0.206 0.093,0.159
1.01 0.983 0.975 1.37 1.10 122 0.851 0.88 1.05 1.066
— — 0.792 0.749 0.897
3.417 3.19 3455 323 3.376 3.20 320 3.377 3.398 3.13
3.89 4.54 4.10 352 344
3.346 3.138 3.308 2.968 3.386 3.149 3.385 331 3.364 3.284
3.02 242 3.07 3.04 3.08
4.302 3.928 3.803 3467 4.095 3.85 4310 423 4.586 4.486
3.78 272 3.68 3.80 39
1.285 1.251 1.15 1.168 1.21 1.223 1.273 1.278 1.363 1.366
1.25 1.13 1.20 1.25 1.27
8.035 7.047 7.755 8.5 8.706 8.73 7.075 6.85 8.373 8.24
6.70 8.47 1.74 6.56 7.47
2.12 2.15 2.29 228 207 2.08 2.36 237 1.027 1.02
2.50 3.75 349 2.42 1.49
15.10 15.09 18.9 18.74 19.8 19.6 21.01 21.01 15.14 16.99
222 213 21.3 20.04 254

A: From structure factor; B: From AL prescription using liquid metal potential.

better treatment of electronic term. The electronic term is very small at or near the
m.p. compared to other terms and almost negligible. It is, however, comparable with
soft force term at high temperature. In case of specific heats at high temperature there
is a cancellation of soft force and electronic terms and so the general trend of variation
is almost decided by the hard sphere term. A more accurate calculation of electronic
term taking into account the effects from exchange and correlation will change the
situation only slightly in the total property. It is also to be noted that the basic
ingredients in the two distinct methods adopted agree very well and so also the

calculated properties.

Since the second method is less applicable at high

temperature'® we have not used this method in the computation of properties in that

region.
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In the calculation for nonmetallic liquids the basic hard core ingredients are taken
to be equal to the L-J core diameter ¢ obtained from second virial coefficient and
viscosity data'®. Where more than one value is available lowest value is taken to
approximate the effective hardcore diameter. In the second set of calculations A-L
prescription'! is used to obtain the effective core diameter through LJ potential
defined in Ref. 19. There is good agreement again between the two methods. The
computed properties are in good agreement with observed quantities.

Thus, the present method is simple but distinctively advantageous in the sense that



08: 32 28 January 2011

Downl oaded At:

THERMAL PROPERTIES OF LIQUID METALS 19

10
® o
@ <
Cu ?b\(ls
3 -]
° a—ak ©
‘I/qm
Rb
05
PRES.
OBS. x No,a4 K, O Rb,
(RefT) o Cs, © Cu, + Pb
0
f
55 Cu Cs
sf
Sm No
Rb
K
05
0 | ]
10 20 30
T/ Tm
Figure 4

soft force effect is expressible analytically in terms of hard core ingredients and same
ingredients can generate the structure and thermodynamic properties quite success-
fully even at high temperature. The ingredients in WCA method?° too depend on the
choice of the effective pair potential. In the light of present calculations we can
conclude the following.

1) The soft force contributions to the thermal properties are important at all
temperatures though the effect reduces gradually and vanishes in the limit of very high
temperature.
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2) The electronic contribution is also important particularly in the limit of high
temperatures. We have used the sommerfeld approximation within a complete
degeneracy of the electron gas (T < Tj) suitable for many cases'?.

3) The analytic approach adopted for the soft force contribution works for
nonmetallic liquids as well.

Acknowledgements

A. B.and T. N. are thankful to the Department of Physics, Jadavpur University for providing necessary
assistance. T. N. gratefully acknowledges financial assistance from UGC, New Delhi.

References

1. R. Hultgren, P. D. Desai, D. T. Hawkins, M. Gleiser, K. K. Kelley and D. D. Wagmann, Selected Values
of the Thermodynamic Properties of Elements Metals Park, OASM (1973).

. W.H. Young, Liquid Metals 1976, Inst. of Phys. Conf. Series No. 30, Bristol (1977).

N. W. Ashcroft and D. Stroud, Solid State Phys., Ed. F. Seltz et al, Vol. 33 (Academic Press, N.Y., 1978).

K. Hoshino, J. Phys. Soc. of Japan, 53, 4279 (1984).

R. Kumaravadivel and R. Evans, J. Phys. C: Sol. State Phys. 9, 3877 (1976).

M. F. Carnahan and K. E. Starling, J. Chem. Phys., 51, 635 (1969).

. Y. Waseda, The Structure of Non-Crystalline Materials (McGraw-Hill, N.Y., 1980).

. S. J. Yoshim and B. B. Owens, J. Chem. Phys., 39, 2222 (1963).

R. N. Joarder and R. V. G. Rao, Phys. Stat. Sol.(b), 116, 299 (1983); R. N. Joarder, S. R. Paichoudhuri

and R. V. G. Rao, Phys. Stat. Sol(b), 125, K33 (1985).

10. P. Protopappas, H. C. Anderson and N. A. D. Parlee, J. Chem. Phys., 89, 12 (1973).

I1. N. W. Ashcroft and D. C. Langreth, Phys. Rev., 156, 685 (1967).

12. J. Hafner, Phys. Rev., A16, 351 (1977); Liquid Metals, 1976, Inst. Phys. Conf. Ser. No. 30, Bristol (1977).

13. T. Das, L. B. Bhuiyan and R. N. Joarder, Unpublished work.

14. W. A. Harrison, Pseudopotential in the Theory of Metals (Benjamin, N.Y., 1966).

15. N. W. Ashcroft, Phys. Letts., 23A, 48 (1966).

16. P. Vashishta and K. S. Singwi, Phys. Rev., B6, 875 (1972).

17. Hornung, IUPAC, Ohse (1985); C. J. Smithells, Metal Ref. Book. Vol. 2 (Butterworths Inc., 1967).

18. M. Shimoji, The Properties of Liquid Metals, Taylor & Francis, London (1973); J. M. Harder, M.
Silbert, I. Yokoyama and W. H. Young, J. Phys. F, 9, 1005 (1979).

19. J. O. Hirschfelder, C. F. Curtiss and R. B. Bird, Molecular Theory of Gases and Liquids (John Wiley &
Sons Inc. N.Y., 1954),

20. J. D. Weeks, D. Chandler, H. C. Anderson, J. Chem. Phys., 54, 5237 (1971).

Rl RN N R

APPENDIX Softforce contribution to the entropy

We view the liquid metal as a collection of ions and electrons with potential energy per
ion, y (ry, r,, ..., ry) described by a structure independent term uy(n) and a pairwise
term ¢(r, n)

1
‘l’(rxsrzwu»rw):uo(")'!'ﬁZd’("ua n) (A1)

i#]
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both terms in principle depend on density. In thermodynamic perturbation method
we separate the pairwise term into a hard sphere reference potential and a perturba-
tion term u(r, n). Now, in the framework of vander Waals theory with the choice of
core diameter through an appropriate criterion the free energy of the metallic system
is given by

F Fhs ©
N°N + 2nnJ u(r, n)go(r, nyridr + uy(n) (A2)
by

o

The entropy is given

JoF oF JOF do
s=~(ar) =G (20), (57, 9

From (A2) we have

| /&F I [oF" 0 dgo(r, m) Sel
— = — -2 , LA R 2 —
N(@T)V,a N <6T )V_a m’f ulr ")< oT )V.ar dr+y

a

where S°/N is the electronic entropy which arises from the non-degeneracy of the
election assembly. Since, gy(r, n) does not contain T explicity so the second term

vanishes and so
6F ths Scl Shs Sel
— | == = —f — + - = — — (A4)
oT Vg aT V.o N N N

S _S"_1(0F\ (do\ _S" (0o [(2F"
N N N\ao), \oT), N \oT), |\ 0T J, 1
d

2 _
+nn<ag>

It is easy to show that

We have then

el

* S
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So we have
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where, r* = r/o. The integral is clearly a negative constant (— A). Thus,
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The soft force contribution is thus given by

o fas 34
s do - A7
N 2nngo(o, n)o <6T)kaT< 9o(0, n)) (A7)

In the variational method one chooses 7 so as to make this term vanish and entropy of
the system is then given by Eq. (A4). It is however possible to estimate A for L-J
potential in Laplace transformed space and for liquid metal potentials in Fourier
transformed space within PY theory. The value of A comes out to be almost one in
most cases at the m.p. Further at higher temperature both 4 and gq(o, n) decrease
slowly and the ratio remains almost constant. Under these circumstances we put the
soft force parameter, f = 1 — 34/g,(o, n) ~ 0.35 for all systems at all temperatures.

Now, following the prescription by Protopapas et al.!® concerning the average
distance of closest approach for repulsive collisions, the pair potential in the close
vicinity of minimum at r = g, is approximated by a parabola and this gives

oo 0o — G
=) =- m (A8)
<6T)u 2JT,
where, we use 6, = 1.0878 (n,,)~ '/® as given by Protopapas et al.!° and n,, refers to the

density at m.p. Using (A8) in (A7) we have the soft forcce contribution to the entropy
given by

s+

1/2
= (00— ) (7) 02go(c ) (A9)



